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In this note, we ﬁrst give some examples to show that some
hypotheses of some well-known results for a group G to be p-
nilpotent, solvable and supersolvable are essential and cannot be
removed. Second, we give some generalizations of two theorems in
[A. Ballester-Bolinches, X. Guo, Some results on p-nilpotence and
solubility of ﬁnite groups, J. Algebra 228 (2000) 491–496].
© 2008 Elsevier Inc. All rights reserved.
In [1,3–5] several authors gave some characterizations for a group G to be p-nilpotent, solvable and
supersolvable under some hypotheses, but in these papers they all do not state that some hypotheses
are necessary. In this note, we will give some examples to show that these hypotheses are essential
and cannot be removed.
We denote O p(G) the smallest normal subgroup of G such that G/O p(G) is a p-group. If A is
a ﬁnite p-group, we denote as in [1] that Ω(A) = 〈Ω1(A)〉 if p > 2 and Ω(A) = 〈Ω1(A),Ω2(A)〉 if
p = 2, where Ωi(A) = 〈x ∈ A | o(x) = pi〉.
In [1] A. Ballester-Bolinches and X. Guo proved
Theorem. (See [1, Theorem 2].) Let P be a Sylow 2-subgroup of a ﬁnite group G. Suppose that Ω1(P ∩ G ′) is
contained in Z(P ). If P is quaternion-free and NG(P ) is 2-nilpotent, then G is 2-nilpotent.
In [1] the authors remark that they do not know any examples of groups which show that the
quaternion-free hypothesis is necessary in Theorem 2.
In [2] W. Shi gave the example G = GL2(3) to show the above hypothesis is necessary.
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Question. Can we ensure that G is solvable if we remove the quaternion-free hypothesis in [1, Theo-
rem 2]?
The following example provides a negative answer to the above question.
Example 1. Let G = SL2(q), where q > 1 and q ≡ −1 (mod 8). Let P be a Sylow 2-subgroup of G ,
then P is isomorphic to a generalized quaternion group. We can assume P ∼= Q 4n = 〈a,b | a2n = 1,
b2 = an, b−1ab = a−1〉, where n 2, it is obvious that P has a quaternion subgroup Q 8 of order 8. We
know that Z(P ) ∼= Z2 and Z(P ) is the unique non-trivial normal subgroup of SL2(q), thus P/Z(P )
NG(P )/Z(P )  SL2(q)/Z(P ) ∼= L2(q). Then P/Z(P ) is isomorphic to a Sylow 2-subgroup of L2(q). By
[6, II, Theorem 8.27], for q > 1 and q ≡ −1 (mod 8), we have that the Sylow 2-subgroup of L2(q) is
selfnormalizing in L2(q). Since P/Z(P ) NG(P )/Z(P ), then we must have NG(P ) = P is nilpotent. It
is clear that G ′ = G , thus Ω1(P ∩ G ′) = Ω1(P ) = Z(P ). But G is not solvable.
Remark 2. (1) (See [1, Theorem 1].) Let p be a prime and let P be a Sylow p-subgroup of G. If Ω(P ∩ G ′) is
contained in the center of NG(P ), then G is p-nilpotent.
It is clear that Example 1 shows for p = 2 if the hypothesis that Ω(P ∩G ′) Z(NG(P )) is replaced
by Ω1(P ∩ G ′) Z(NG (P )), we then cannot get either G is 2-nilpotent or G is solvable.
(2) (See [3, Theorem 1].) Let G be a ﬁnite group and let P be a Sylow p-subgroup of G. If Ω1(P ) Z(P )
and NG(P ), CG (Z(P )) are p-nilpotent, then G is p-nilpotent.
In Example 1, since Z(P ) ∼= Z2 and Z(P ) G , then we must have CG(Z(P )) = G . Therefore Exam-
ple 1 shows that for p = 2 if the hypothesis that CG(Z(P )) is 2-nilpotent is removed, we then cannot
get either G is 2-nilpotent or G is solvable.
(3) (See [4, Theorem 2.1].) Let p be a prime number dividing the order of a group G and let P be a Sylow
p-subgroup of G. Assume that every minimal subgroup of P ∩ O p(G) is permutable in P and NG(P ) is p-
nilpotent. Assume that, in addition, when p = 2 then either [Ω2(P ∩ O p(G)), P ] Ω1(P ∩ O p(G)) or P is
quaternion-free. Then G is p-nilpotent.
In Example 1, for p = 2, we have O p(G) = G , thus Ω1(P ∩ O p(G)) = Ω1(P ) = Z(P ). It is easily seen
that every minimal subgroup of P ∩ O p(G) is permutable in P and NG(P ) is 2-nilpotent, but neither
[Ω2(P ∩ O p(G)), P ] is contained in Ω1(P ∩ O p(G)) nor P is quaternion-free. Then Example 1 shows
for p = 2 if the hypothesis that either [Ω2(P ∩ O p(G)), P ]  Ω1(P ∩ O p(G)) or P is quaternion-
free is removed, we then cannot get either G is 2-nilpotent or G is solvable. Furthermore, we can
similarly use Example 1 to discuss [4, Corollary 2.2, Theorem 2.3, Corollary 2.8] and [5, Theorem 3.8,
Corollary 3.9].
A well-known result of Thompson asserts that a ﬁnite group G is solvable if G has a nilpotent
maximal subgroup of odd order. Now we consider some generalizations of this result in [1,4].
First, we give the following example.
Example 3. Let G = SL2(17) and P a Sylow 2-subgroup of G . Then P ∼= Q 32 = 〈a,b | a16 = 1,
b2 = a8, b−1ab = a−1〉, P is a nilpotent maximal subgroup of G . It is clear that G ′ = G and O 2(G) = G ,
thus Ω1(P ∩ G ′) = Ω1(P ∩ O 2(G)) = Ω1(P ) = Z(P ).
Remark 4. (1) (See [1, Theorem 3].) Let M be a nilpotent maximal subgroup of a ﬁnite group G. If P is a
Sylow 2-subgroup of M and Ω(P ∩ G ′) is contained in the center of P , then G is solvable.
In Example 3, let M = P , it shows that if the hypothesis that Ω(P ∩ G ′)  Z(P ) is replaced by
Ω1(P ∩ G ′) Z(P ), we then cannot get G is solvable.
(2) (See [4, Theorem 3.1].) Assume that a solvable group A acts on a group G. If G has a nilpotent maximal
A-invariant subgroup M which has a Sylow 2-subgroup P with the property that every minimal subgroup
of Ω1(P ∩ O 2(G)) is permutable in P and [Ω2(P ∩ O 2(G)), P ]Ω1(P ∩ O 2(G)), then G is solvable.
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O 2(G)) is permutable in P , but [Ω2(P ∩ O 2(G)), P ] = [Ω2(P ), P ]  Ω1(P ∩ O 2(G)) = Ω1(P ). Therefore
Example 3 shows if the hypothesis that [Ω2(P ∩ O 2(G)), P ]  Ω1(P ∩ O 2(G)) is removed, we then
cannot get G is solvable. Furthermore, we can similarly use Example 3 to discuss [4, Theorem 3.2].
In the following, we consider some results for a group G to be supersolvable in [4,5].
Example 5. Let G = SL2(3) and P a Sylow 2-subgroup of G . Then P ∼= Q 8 = 〈a,b | a4 = 1, b2 = a2,
b−1ab = a−1〉, P is normal in G and G/P is supersolvable. It is obvious that O 2(G) = G and G is not
supersolvable.
Remark 6. (See [4, Theorem 3.3].) Let N be a normal subgroup of a group G such that G/N is supersolvable.
Also let p be any prime number dividing the order of N and let P be a Sylow p-subgroup of N. Assume that every
minimal subgroup of Ω1(P ∩ O p(G)) is contained in the center of P and, when p = 2, assume in addition that
[Ω2(P ∩ O p(G)), P ]Ω1(P ∩ O p(G)). Also assume that every minimal subgroup of Ω1(P ∩ O p(G)) is S-
quasinormal in NG(P ) and, when p = 2, every cyclic subgroup of order 4 of Ω2(P ∩ O p(G)) is S-quasinormal
in NG(P ). Then G is supersolvable.
In Example 5, when p = 2, let N = P , then G/N is supersolvable. It is clear that Ω1(P ∩ O p(G)) =
Ω1(P ) = Z(P ) and Ω2(P ∩ O p(G)) = Ω2(P ) = P , thus every minimal subgroup of Ω1(P ∩ O p(G)) is
contained in Z(P ) and [Ω2(P ∩ O p(G)), P ] = [P , P ] = Z(P ) = Ω1(P ∩ O p(G)). It is easily seen that
every minimal subgroup of Ω1(P ∩ O p(G)) is S-quasinormal in NG(P ), but every cyclic subgroup of
order 4 of Ω2(P ∩ O p(G)) is not S-quasinormal in NG(P ). Therefore Example 5 shows for p = 2 the
hypothesis that every cyclic subgroup of order 4 of Ω2(P ∩ O p(G)) is S-quasinormal in NG(P ) is
necessary. Furthermore, we can similarly use Example 5 to discuss [4, Corollary 3.4] and [5, Theo-
rem 3.12].
Finally, we will give some generalizations of [1, Theorems 1 and 3].
As in [4], let P be a Sylow p-subgroup of G , since P ∩ G ′ = P ∩ O p(G)G ′  P ∩ O p(G), we then
replace Ω1(P ∩ G ′) by Ω1(P ∩ O p(G)) in the following some discussions.
According to [1, Theorem 2] and [4, Corollary 2.2], we wonder: (1) Let P be a Sylow p-subgroup
of G . Assume that Ω1(P ∩ G ′) Z(P ∩ G ′) and P is quaternion-free for p = 2. If NG(P ) is p-nilpotent,
whether or not G is p-nilpotent? (2) Let P be a Sylow p-subgroup of G . Assume that Ω1(P∩O p(G))
Z(P ∩ O p(G)) and P is quaternion-free for p = 2. If NG(P ) is p-nilpotent, whether or not G is p-
nilpotent?
The following example can provide a negative answer to the above two questions. For example, let
G = S4, the symmetric group of degree 4, and P a Sylow 2-subgroup of G , then P = D8 = 〈a,b | a4 =
b2 = 1, b−1ab = a−1〉. It is clear that P is quaternion-free and G ′ = O 2(G) = A4, thus Ω1(P ∩ G ′) =
K4 = Z(P ∩G ′) and Ω1(P ∩ O 2(G)) = K4 = Z(P ∩ O 2(G)). It is easily seen that NG(P ) = P is nilpotent
but G is not 2-nilpotent.
As a generalization of [1, Theorem 1], we have
Theorem7. Let P be a Sylow p-subgroup of G. Assume thatΩ1(P ∩O p(G)) Z(O p(G)) and P is quaternion-
free for p = 2. Then G is p-nilpotent.
Proof. Suppose that the theorem is false and let G be a counterexample of minimal order. All Sylow
p-subgroups of G are conjugate in G and O p(G) is normal in G . Take a subgroup H of G and let P1
be a Sylow p-subgroup of H , then there exists x ∈ G such that P1  P x . Therefore Ω1(P1 ∩ O p(H))
Ω1(P x ∩ O p(G)) = (Ω1(P ∩ O p(G)))x  (Z(O p(G)))x = Z(O p(G)). Because O p(H)  O p(G), thus we
have Ω1(P1 ∩ O p(H))  Z(O p(G)) ∩ O p(H)  Z(O p(H)). It is clear that P1 is quaternion-free for
p = 2, it follows that H satisﬁes all hypotheses of the theorem. The minimality of G implies that
G is a minimal non-p-nilpotent group. By [7, Theorem 10.3.3], G must be a minimal non-nilpotent
group. Furthermore, by [7, Theorem 9.1.9 and Exercise 9.1.11], we know that G is of order pαqβ , where
q is a prime different from p. Let P be a Sylow p-subgroup of G and Q a Sylow q-subgroup of G ,
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odd, and of exponent at most 4 when p = 2. Then, by the hypotheses, Ω1(P ) = Ω1(P ∩ O p(G)) 
Z(O p(G)) = Z(G). Thus, G is nilpotent if p is odd, a contradiction. If p = 2 and P is quaternion-free,
by [8, Lemma 2.15], we have that [P , Q ] = 1, therefore G is nilpotent, another contradiction. 
Example 5 shows that the above quaternion-free hypothesis is necessary. Moreover, according to
Theorem 7, we wonder: Let P be a Sylow p-subgroup of G . Assume that Ω1(P ∩ G ′) Z(G ′) and P is
quaternion-free for p = 2. Then whether or not G is p-nilpotent?
Let G = A4, the alternating group of degree 4, and P a Sylow 2-subgroup of G , then P = K4 =
〈(12)(34), (13)(24)〉. It is clear that P is quaternion-free and G ′ = P = K4, thus Ω1(P ∩ G ′) = Z(G ′),
but G is not 2-nilpotent. This example provides a negative answer to the above question. But we have
the following result.
Theorem 8. Let P be a Sylow 2-subgroup of G. If P is quaternion-free and Ω1(P ∩ G ′)  Z(G ′), then G is
solvable.
Proof. Suppose that the theorem is false and let G be a counterexample of minimal order. All Sylow
2-subgroups of G are conjugate in G and G ′ is normal in G . Take a subgroup H of G and let P1
be a Sylow 2-subgroup of H , then there exists x ∈ G such that P1  P x . Therefore Ω1(P1 ∩ H ′) 
Ω1(P x∩G ′) = (Ω1(P ∩G ′))x  (Z(G ′))x = Z(G ′). Because H ′  G ′ , thus we have Ω1(P1∩H ′) Z(G ′)∩
H ′  Z(H ′). Since P1 is quaternion-free, it follows that H satisﬁes all hypotheses of the theorem. The
minimality of G implies that every proper subgroup of G is solvable but G is not solvable, thus we
must have G ′ = G . Then Ω1(P ) = Ω1(P ∩G ′) Z(G ′) = Z(G), by [4, Lemma 2.4], we have that G is 2-
nilpotent. Applying the Feit and Thompson Theorem, we can get that G is solvable, a contradiction. 
In Theorem 8, the quaternion-free hypothesis cannot be removed. For example, let G = SL2(7),
and P = Q 16 a Sylow 2-subgroup of G . It is clear that P is not quaternion-free and G ′ = G , thus
Ω1(P ∩ G ′) = Ω1(P ) = Z(P ) = Z(G) = Z(G ′), but G is not solvable.
Now we give a generalization of [1, Theorem 3]. Example 3 shows that the quaternion-free hy-
pothesis is necessary.
Theorem 9. Let M be a nilpotent maximal subgroup of a ﬁnite group G, and P a Sylow 2-subgroup of M. If
P is quaternion-free and Ω1(P ∩ O 2(G)) is contained in Z(P ), then G is solvable.
Proof. Suppose that the theorem is false and let G be a counterexample of minimal order. We then
have
(1) CoreG(O 2′ (M)) = 1.
Suppose that CoreG(O 2′ (M)) 
= 1 and let N be a minimal normal subgroup of G such that N 
CoreG(O 2′ (M)). Then M/N is a nilpotent maximal subgroup of G/N and PN/N is a Sylow 2-subgroup
of M/N such that Ω1((PN/N) ∩ O 2(G/N)) = Ω1((PN/N) ∩ O 2(G)/N) = Ω1((P ∩ O 2(G))N/N) 
Z(P )N/N  Z(PN/N) and PN/N is quaternion-free. Since |G/N| < |G|, we then have G/N is solv-
able. Because N is nilpotent, thus G is solvable, a contradiction.
(2) M is a Sylow 2-subgroup of G .
Assume that K is a Hall 2′-subgroup of M , by [9, Theorem 1], we have K is normal in G . In
particular, K  CoreG(O 2′ (M)) = 1, thus 1 
= M is a 2-group. Since M is a maximal subgroup of G and
G is not a 2-group, then M is a Sylow 2-subgroup of G .
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Since G is not solvable and M is a maximal subgroup of G , we have that M is self-normalizing
in G . By [4, Theorem 2.3], G is 2-nilpotent. Then we can conclude that G is solvable due to the Feit
and Thompson Theorem, a contradiction. 
Let G = A4, the alternating group of degree 4, and M = K4 = 〈(12)(34), (13)(24)〉, here M is not
only a Sylow 2-subgroup of G but also a nilpotent maximal subgroup of G . It is clear that M is
quaternion-free and O 2(G) = G , then Ω1(M ∩ O 2(G)) = Ω1(M) = Z(M). This example shows that
we cannot get that G is 2-nilpotent in Theorem 9. Moreover, the hypothesis that M is nilpotent is
necessary. For example, let G = A5, the alternating group of degree 5, and M ∼= S3 is a maximal
subgroup of G , here M is not only 2-nilpotent but also supersolvable, but M is not nilpotent. Let P be
a Sylow 2-subgroup of M , it is clear that P is quaternion-free and Ω1(P ∩ O 2(G)) = Ω1(P ) = Z(P ),
but G is not solvable.
Applying Theorem 7 instead of [4, Theorem 2.3], we can get another generalization of [1, Theo-
rem 3].
Theorem 10. Let M be a nilpotent maximal subgroup of a ﬁnite group G, and P a Sylow 2-subgroup of M. If
P is quaternion-free and Ω1(P ∩ O 2(G)) is contained in Z(O 2(G)), then G is solvable.
Since the proof of Theorem 10 is similar to the one of Theorem 9, we omit it.
Applying Theorem 8 instead of [4, Theorem 2.3] in the proof of Theorem 9, we have
Theorem 11. Let M be a nilpotent maximal subgroup of a ﬁnite group G, and P a Sylow 2-subgroup of M. If
P is quaternion-free and Ω1(P ∩ G ′) is contained in Z(G ′), then G is solvable.
Now we give a result for a non-abelian simple group.
Theorem 12. Let πt(G) be the set of indices of maximal subgroups of a non-abelian simple group G, then there
exists at most one prime number in πt(G). Moreover, if there exists a prime number p ∈ πt(G), then
(1) p must be the largest prime divisor of |G|,
(2) p must be the smallest number in πt(G).
Proof. Let M and N be two maximal subgroups of G such that |G : M| = p and |G : N| = q, where
p and q are primes. We consider the permutation representations of G on M and N , since G is
a non-abelian simple group, we then have G ∼= G/MG is isomorphic to a subgroup of symmetric
group Sp and G ∼= G/NG is isomorphic to a subgroup of symmetric group Sq . It is clear that both
p and q are the largest prime divisor of |G|, then we must have p = q, that is, there exists at most
one prime number in πt(G). Now we prove if there exists a prime p ∈ πt(G), then p must be the
smallest number in πt(G). Otherwise, there exists a maximal subgroup H of G such that |G : H| =m
and m < p. Considering a permutation representation of G on H , then G ∼= G/HG is isomorphic to
a subgroup of symmetric group Sm . Since m < p and p is a prime, then p  |Sm|. But p | |G| and
|G| | |Sm|, a contradiction, thus p must be the smallest number in πt(G). 
Applying Theorem 12, we have the following result.
Theorem 13. Let M be a maximal subgroup of G such that M is isomorphic to a direct product of some isomor-
phic simple groups. Assume that there exists a subgroup 1 
= N  M such that N  G and for every maximal
subgroup K of G which does not contain N we all have |G : K | is a prime. Then G is solvable.
Proof. First, we will prove that M is an elementary abelian p-group for some prime p. Otherwise,
if M is not solvable, that is, M is isomorphic to a direct product of some isomorphic non-abelian
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for every i and j. Since 1 
= N  G , then there exists a minimal normal subgroup H of G such that
1 
= H  N  M , by [10, 1.6.3], we can assume H ∼= M1 × M2 × · · · × Mt , where t  s. Since Φ(G) is
nilpotent, we have H  Φ(G). Let K be a maximal subgroup of G such that H  K , then G = HK .
It follows that N  K , we have |H : H ∩ K | = |HK : K | = |G : K | = q, where q is a prime, then H ∩ K
is a maximal subgroup of H . Therefore there exists Mi  H such that H = (H ∩ K )Mi , thus |Mi :
K ∩ Mi | = |(H ∩ K )Mi : H ∩ K | = |H : H ∩ K | = q, we know K ∩ Mi is a maximal subgroup of Mi .
Let Hq be a Sylow q-subgroup of H , by the Frattini argument, we have G = NG(Hq)H . Since H is a
minimal normal subgroup of G and H is not solvable, then NG(Hq) < G . Let L be a maximal subgroup
of G such that NG(Hq)  L, it is clear that H  L and N  L, we have G = HL, thus we must have
|H : H ∩ L| = |HL : L| = |G : L| = r 
= q, where r is a prime. Therefore H ∩ L is a maximal subgroup
of H , then there exists M j  H such that H = (H ∩ L)M j , thus |M j : L ∩ M j | = |(H ∩ L)M j : H ∩ L| =
|H : H ∩ L| = r, we know L ∩ M j is a maximal subgroup of M j . Since Mi ∼= M j is a non-abelian
simple group and q 
= r, by Theorem 12, this is a contradiction. Thus M is a direct product of some
isomorphic abelian simple groups, that is, M is an elementary abelian p-group for some prime p.
Because M is a maximal subgroup of G , by [7, Exercise 10.5.7], we then have G is solvable. 
In Theorem 13, the hypothesis that N 
= 1 is necessary. For example, let G = A6, the alternating
group of degree 6, M = A5, the alternating group of degree 5, and N = 1. It is clear that G satisﬁes
all other hypotheses of Theorem 13 but G is not solvable.
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